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1 Vectors a, b and ¢ are such that b # 0 and 3axb =7bxec.

(i) Show that 3a+ 7¢ = Ab , where A is a constant. [2]

. . . .3
(ii) It is now given that a and b are unit vectors, that the modulus of ¢ is > and that the

angle between a and ¢ is 60° . Using a suitable scalar product, find exactly the two

possible values of A . [4]
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A 8r+k
2r+1 2743 2r+5  (2r+1)(2r+3)(2r+5)
to be found. [2]

2 (@) Show that , where k is a constant
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n
2r+7

ii H find .

(i) ehee Hin Z(2r+l)(2r+3)(2r+5)

r=0

(There is no need to express your answer as a single algebraic fraction.) [3]

[Question 2 continues on the next page.]
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2 [Continued]

(iii) Explain why Z 2r+7 1s a convergent series, and state the
(2r +1)(2r + 3)(2r + 5)
r=0
value of the sum to infinity. [2]
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3 The function f'is defined by f(x) = ax® +bx* +ex+d , where a, b, ¢ and d are real numbers.

(i) Given that 1-2i and —1 are roots of f(x)=0, find b, ¢ and d in terms of a. [4]

[Question 3 continues on the next page.]|
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3 [Continued]

(ii)  Given instead that @ =2, b =—1 and ¢ = —4, find the range of values of d such that
the equation f(x)=0 has only one real root. [2]
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(iii)  Itis now given that the curve with equation y =f(x) meets the x-axis at (—k,O) and

the y-axis at (0, k), where k > 0, as shown in the diagram.
y ‘r

1
Sketch the graph of y :T) , stating the equations of any asymptotes and the
X

coordinates of any points of intersections with the axes. (2]
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4x -5

xX—

4 (@) Find the exact roots of the equation

‘:3x, [3]
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4x -5

and y =3x.

(ii) On the same axes, sketch the curves with equations ¥ =‘

5—-4x
3x—6

Hence solve exactly the inequality >X. [5]
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The diagram shows a parabola formed by the intersection of a right circular cone and a
plane parallel to the slanted edge of the cone. The cone with the point O at the centre of its
base has radius R cm and slant length L cm, where R and L are constants. The points 4, B,
C and D on the plane are such that BD =/ cm, AB = BC = x cm and the area S of the region

bounded by the parabola and the line AC is gxh .

2Lx(R +R =¥ )

3R

(i)  Show that S = (2]
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(ii) It is given that S is a maximum. Use differentiation to find — in terms of R and L.

X
[5]
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fx
6 A curve C has equation yzﬁ, wherex #0 and k e R,k #0.
e —e
(i) Show that C has no stationary points. [2]
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(ii) Find the equation of the tangent to C at the point where y =2. [4]

(iii) Given that £ =1, find the acute angle between the tangent in (ii) and the y-axis.[2]
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7 The functions f and g are defined by
5 3
fix—>x“+3x+1, xeR, XS_E’

g:x—>3+e ", xeR.

(>i) Show that f has an inverse. [1]

(ii) Give a reason why the composite function f -1 g exists. Find ™' g(x) and state the

domain of f‘lg ) [6]
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The function h is defined as follows.

(iii)

h:xtIn(x—k+1),xeR, x>k, wherek<0.

Find the value of & such that the range of hg is given by (ln 5, oo) .
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11X
tan s

It is given that f(x)=e¢ 2.

() Show that (4+x2)f'(x) = 2f(x). 1]

(ii) By using repeated differentiation, find the Maclaurin series for f(x), up to and

T

including the term in x2 . Use this series to find an estimate for ¢° and show

that the error in the approximation is about 3.3%. [6]
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1

ﬁ(”j
a 4

is sufficiently small, show that g(x) =1+ px+qx2 for constants p and g to be

(b) It is given that g(x) = , Where a is a constant such that a >1. If x

determined in terms of a. [4]
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The diagram shows the graph of y =f (x) . The curve has a turning point at (O, a) and the

lines y = thkx are asymptotes to the curve, where a and k are positive real constants.

y="f(x)

\ A"

(i)  On separate diagrams, sketch the graphs of y = %f (x + 2a) and y=f '(x) , giving

the equations of any asymptotes and the coordinates of any turning points and of

any points of intersection with the axes. You should label the graphs clearly. [4]
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[Question 9 continues on the next page.]|
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[Continued]

It is now given that f(x) =av1+ x> and this holds for the rest of the question.

(ii)  The region R is bounded by the curve y =f(x), the line x = V3 and the axes. A
sculpture is made in the shape of the solid of revolution formed by rotating R

through 27 radians about the y-axis. Find the volume of the sculpture in terms of

aand 7. [3]

9758/01/Prelim/20



23

(iii)  Another region S is bounded by the curve y = ,thelines x==% b (b > O) and

_a
i
3
the x-axis. A second sculpture takes the shape of the solid of revolution formed by
rotating S through 27 radians about the x-axis. Given that the volume of the first

sculpture found in part (ii) is ten times as great as the volume of the second sculpture,

find an expression for b in terms of a. (4]
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Wendie attends training sessions in preparation for a running race. In the first session, she
runs a distance of 1000 metres in exactly 5 minutes. For each subsequent session, the
distance run is x% more than the distance run in the previous session and the time taken
is 1.5 minutes longer than the time taken for the previous session.

(>i) It is given that x =8.
(a) Find the distance she runs in the 15" session, giving your answer correct to
2 decimal places. [1]

(b) Find the minimum number of training sessions that she needs to attend in order
to accumulate a total running time of 15 hours at the end of these
sessions. [3]
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(¢) Find, in terms of n, the time taken to complete the distance in the nth session.
Hence find the value of n such that Wendie’s average speed of running in
the nth session first exceeds 220 metres per minute. [3]

(ii) Find the value of x if Wendie has run a total of 250 kilometres at the end of 25
training sessions. Give your answer correct to 2 decimal places. [3]

[Question 10 continues on the next page.]
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[Continued]

(iii)

Wendie modifies her training plan such that she runs a distance of 2000 metres in
her first training session, and decreases the distance she runs in each subsequent
session by 10% of the distance run in the previous session. Show that she will never
accumulate a total distance exceeding 20 kilometres. [2]
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In a chemical reaction, a compound X is formed from two compounds Y and Z.

The masses in grams of X, Y and Z present at time ¢ seconds after the start of the reaction
are x, 15—x and 25-x respectively. At any time, the rate of formation of X is

proportional to the product of masses of Y and Z present at the time. It is given that x=0

and g=3 when ¢=0.
dt

(i) Write down a differential equation relating x and ¢ and find the value of the constant

of proportionality. (2]

[Question 11 continues on the next page.]
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11 [Continued]

(ii) Solve the differential equation found in part (i) and obtain an expression for x in

terms of ¢. [7]
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(iv)

)

29

Sketch the graph of x against ¢. [1]

Find the time taken for the mass in grams of X to be equal to the mass in grams
of Y. [2]

What happens to the mass of X for large values of ¢? [1]
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