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1 () Expand sin (%—ij in ascending powers of x, up to and including the term in x’.

(i)

oYncC

[3]

The first two non-zero terms found in part (i) are equal to the first two non-zero terms
in the series expansion of (a +bx)™" in ascending powers of x. Find the exact values
of the constants a and b. Hence find the third exact non-zero term of the series
expansion of (a+bx)™" for these values of a and b. [3]
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2 (a) Vectors a and b are such that a#0,b#0 and |a+b| = |a—b| . Show that a and b are
perpendicular. [2]
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(b)

oYncC

Referred to the origin O, points C and D have position vectors ¢ and d respectively.
Point P lies on OC produced such that OC:CP=1:A-1, where A>1. Point M lies
on DP, between D and P, such that DM : MP =2:3 . Write down the position vector
of M in terms of A, cand d. Hence, find the area of triangle OPM in the form
kA |c xd|, where k is a constant to be found. [4]
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3 The function f'is defined by

2
x—2a for 0<x<2a,

f(x)= ( )2
2ax—4a- for 2a <x<4a,

where a is a positive real constant and that (x + 4a) =f (x) for all real values of x.

(i)  Sketch the graph of y =f(x) for -3¢ <x<8a. [3]

8a
(ii)  Hence find the value of .[_2 f (| X |) dx in terms of a. [3]
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4 A curve C has parametric equations

1
x=t*, y=—0,1>0.

5y_\/;

8 . : : .
(i) The curve y=— intersects C at point 4. Without using a calculator, find the
X

coordinates of 4. [2]

. 1 . . .
(ii)  The tangent at the point P( pz,TJ on C meets the x-axis at point D and the y-axis
P

at point £. The point F is the midpoint of DE. Find a cartesian equation of the curve
traced by F as p varies. [5]
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S The equation of a curve is 2xy + (1+ y)2 =x.

(i) Find the equations of the two tangents which are parallel to the y-axis. [4]
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(ii)  The normal to the curve at the point 4 (1, 0) meets the y-axis at the point B. Find the
area of the triangle OAB. [3]

6 The sum of the first n terms of a sequence is a cubic polynomial, denoted by §, . The first

term and the second term of the sequence are 2 and 4 respectively. It is known that S; =90
and S, =830.

(i) Find S, intermsof n. [4]
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(i) Find the 54" term of the sequence. [2]

(b) (i) Given that cos(2n—1)a—cos(2n+1)a =2sinasin2na and « is not an integer
multiple of , show that

N
Zsin 2na :%cota —%coseca cos(2N+1)o . [3]

n=1
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- . 2
(ii) Explain whether the series Zsm% converges. [1]

n=1

7 (a)d  Find j cos (In x)dx . [3]

3 1
(i) A curve C is defined by the equation y=cos(Inx), fore > <x<e? .

Va

The region R is bounded by C, the lines x=¢ 2, x =e? and the x-axis. Find the
exact area of R. [3]
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cotx

—— . The region bounded by this curve,
sinx

(b) A curve is defined by the equation y =

. . T 21 . . )
the x-axis, the lines x = o and x = 3 is rotated 277 radians about the x-axis to

form a solid. Using the substitution u = cot x, find the exact volume of the solid
obtained. [4]
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2
-x" -1 A
8 (i) Showthat y= % can be expressed as y = —2+ B(x+1), where 4 and B are
X— xX—
constants to be found. Hence, state a sequence of transformations that will transform
2
. : -x" -1
~Z onto the curve with equation y = = - [3]
-x 3 x=2

the curve with equation y =

p— 2 _—
(ii)  On the same axes, sketch the curves with equations y = Lzl and y=|2x+1],

stating the equations of any asymptotes and the coordinates of the points where the
curves cross the axes. [4]
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p— 2 —
Hence, find the exact range of values of x for which Lzl <|2x+1]. (4]
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9 (a) Thefunctionfisdeﬁnedbyf:xH2+i,xeR,x>0.

X
(i)  Sketch the graph of y =f(x). Hence, show that f has an inverse. [2]
(i) Find £ (x) and state the domain of f'. [3]
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(iii) On the same diagram as in part (i), sketch the graphs of y=f"'(x) and

y=f"f(x). [2]
(iv) Explain why f? exists and find f(x). [2]

(b) The function h is defined by h: x> z—xl, xeR, x#=1. Find algebraically the
x [—

range of h, giving your answer in exact form. (4]
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10 A tank initially contains 2000 litres of water and 20 kg of dissolved salt. Brine with C kg of
salt per 1000 litres is entering the tank at 5 litres per minute and the solution drains out at the
same rate of 5 litres per minute. The amount of salt in the tank at time s minutes is x kg.
Assume that the solution is always uniformly mixed.

(i) Show that dx = L(2C —x) . Hence determine the value of C if the amount of salt

in the tank remains constant at 120 kg after certain time has passed. [3]

(ii)  Find x in terms of «. [5]

oYncC 9758/01/Prelim/19



(iii)

(iv)

oYncC
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Sketch the graph of the particular solution, including the coordinates of the point(s)
where the graph crosses the axes and the equations of any asymptotes. Find the time
t when the amount of salt in the tank is 60 kg, giving your answer to the nearest
minute. [3]

State one assumption for the above model to be valid. [1]
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11 A factory produces power banks. The factory produces 1000 power banks in the first week.
In each subsequent week, the number of power banks produced is 250 more than the previous
week. The factory produces 7500 power banks in the Nth week.

>i) Find the value of N. [2]

(ii)  After the Nth week, the factory produces 7500 power banks weekly. Find the total
number of power banks that will be produced in the first 60 weeks. [3]
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The sales manager predicts that the demand for power banks in this week is a+bH if the

demand for power banks in the preceding week is H, where a and b are constants and b>1.
It is given that the demand for power banks in the first week is 50.

(iii)  Show that the demand for power banks in the third week is a+ba +50b°. [2]

(iv) Show that the demand for power banks in the nth week can be written as

n-1_ e
a(bb 1j+50b " [1]
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It is now given that @ =300 and b = 1.05.

In the first week, the number of power banks produced is still 1000. In each subsequent week,

the number of power banks produced will be L more than the previous week.

(v)  The production manager decides to change the production plan so that the total
production can meet the total demand in the first 60 weeks. Find the least value of L.

[4]

- End of Paper -
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