2019 Year 6 H2 Math Prelim P1 Mark Scheme

Qn | Suggested Solution

1 Number sold Number left
before 7 pm after 7 pm
Banana 10 10
Chocolate 45 5
Durian 20 10

Let the selling price of banana cake, chocolate cake,
durian cake before discount be $b, $c, $d respectively.

a+b+c=29.50 --(1)

10b+45¢ +20d = 730
2b+9c+4d =146 ---(2)

O.6(10b+5C+10d)=880—730
10b+5c+10d =250
2b+c+2d =50 --(3)

Solving (1), (2), (3) using GC,a=8.50,b=9,c=12
The selling price of banana cake, chocolate cake and durian
cake is $8.50, $9 and $12 respectively.

Qn | Suggested Solution
2(a) | 30—11x <
x> -9
2
30-11x+2(x"-9) <0
x> -9
2
2x -1x+12
x> -9
(2x=3)(x44) 1A Of [
(x=3)(x+3NT zcgg
® ¢ $ —> X
- 3 4
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(®) | (@a-3bx?)e*™ <0
a-3bx> <0 since ™™ > 0 for all X

a
X2 >—

3b
a a
X>,|— or X<—,|—
\ 3b V3b

Qn | Suggested Solution

3(i) | Since A, B and C are collinear and AB=b—a

SoU=S5
OC =OB +BC
=b +(5b—5a)
=6b-5a
ii
(i) A
B
E
1-A
(0] N ¢
OE =kb

OE = AON +(1-1)0A
=§(6b—53)+(l—/1)a
:3/1b+[1—zﬂ]a

2

-l ai=0=2=25k=2
2 7 7

| Qn \Suggested Solution
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4 | Since the shape of the curve is
i
) YR
1 Pr
1 PR
1 e
1 e
ot
e -~ :
g | x=a X
For f'to be 1-1, the largest b can take is the X-coordinate of
the turning point.
1
f'(x)=1-
*) (x—a)’
1- ! =
(x-a)
Xx=azxl
X-coordinate of turning point is a+1, since b >a
For graph to be 1-1, b<a+1,
(i) | Let y=£f(x)
y =X+ L
x—1

(xX-1Dy=x(x-1)+1
Xy—y=x—x+1
X —(1+y)X+1+y=0

(X_(H y)] C(+yy fl4y=0
2 4
(X_(uy)]z _y-Y
2 4

Ay y=D°

2

4

Since (%,%) is a point on the curve of y=f(X),

The domain of f' is the range of f= [3,0).
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Qn | Suggested Solution
5(a) | Series of transformations:
2
y=In
x+1 1. Reflect in the X-axis
v (replace y with —y)
x? X+1
y=—In =In—;
X+1 X 2. Scale by factor %
v parallel to the X-axis
_ 2%+l 2x+] (replace X with 2X)
(2x)? 4ax?
(b)
(i)
"""""""""" y=1
; > X
A'(3,-1) |
x=2 x=4
(i)
y A
Qn | Suggested Solution
6 | arg(w,)=arg[l+(n—1)i]-2arg(1+ni)+arg[1+(n+1)i]
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(i)

(i)

argz,
=arg(WW,...W,)
=arg(w,) +arg(w,) +...arg(w, )

= Zn: arg W,
k=1

:Z":arg[[l+(k—l)i][l+(k+1)i]}

(1+ ki)2

= Zn:[arg[l +(k—1)i]—2arg (1+ki)+arg[1+ (k +1)i] |

[arg(1) -~
+ [arg(l +1)
+ [ar 1

2arg(1+1) g(1+ 2i)]

+ arg(l+41)

+ [arg[l+n=2)i] — 2ar =Di] + arg(l1+ni)]

+ [arg[l —-Di] - 2arg(l+ni) + arg[l+(n+ l)i]:
=arg(l) —arg(l+1)—arg(l+ni)+arg[l+(n+1)i]
=—+m—arg(l+ni)+arg[l+(n+1)i]

(iii)

AS n — oo, arg(l+ni) > 1mand arg[l+(n+1)i] >1n

I
Hence argz, — — .
(argand diagram with y = -X line to show argument)

Thus Re(z,)=-Im(z,)

Qn

Suggested Solution

(@)

4sin20 =x+

16sin’ 26 IAS ! 1_%

xamPaper J
Islandwide Delivery | Whatsapp Only 88660031

4cos260=3—-y
2 2 T 2)
16cos™ 260 =(3-Y)

(1) +(2) gives
(X+2) +(y=3)’ =16
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Hence C is a circle with centre (-2,3) and radius 4 units.

(ii) % =8c0s26 and ﬂ =8sin 26 gives ﬂ = tan 260
d6 do dx

For 49:375,
8

X=22-2
y:3+2\/§
dy
o

-1

Equation of tangent:
y=3-242=-1(x-242+2)
Equation of normal:
y-3-242=x-242+2

So T(0,1+4+/2) and N(0,5)

Hence the area of triangle NPT

= %(4@ —4)(242-2)
=(2\2-2)2v2-2)

—12-82 units?

Alternatively,
Let E be the point closest to P along the y-axis. Since
% =—1 at P, the triangle TPE is such that ET =EP and
X
XTEP =90°.
Ya
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The normal at P i.e. % =1. the triangle NPE is such that

X
EN =EP and xNEP =90°.

Therefore the two triangles are congruent, and the area of
triangle NPT

= 2{%(2&—2)(2@—2)}
=(22-2)
=12-8V2

Qn | Suggested Solution

8 [ x-2y+3z=4 ---(1)
(i) |3x+2y-z=4 --—--(2)

Solving (1) and (2) using GC gives

X=2-0.5z
y=—-1+1.25z
L1=1
2 -2
HenceL: r=|-1|+4| 5 |, 2€eR
0 4
(ii) 5
Ps:re
If the th IASUV oint in common,
-2 5ml ndwide Delivery | Whats appfnly 88660031
5.
4
= -10-5k+24=0
k=28
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(iii)

Distance required

Alternative

s (2
OQ_H
0

2)( 5
1-| -11{-| 2.8
0)( 6
5
2.8
6
i-128
68.8

=1.42 units (3 s.f.)

g

., (2 SN 0
0Q _[—1] and let OY —[ 9 J where Y is a point on P3
0 1/6

Shortest distance from Q to P3

N 5 2 5
YZ «|-2.8 -1 |«]|-2.8
6 -1/6 6 )
= = =1.42 units

J5 +(-2.8)> +6° J68.84

(iv)

Plane containing Q and parallel to P, :
5x—-2.8y+6z=d

2 5

where d :(—IJ-[—z.SJ =5(2)-2.8(-1)+6(0)=12.8
0 6

S5X—=2.8y+62=12.8

Since 12.8 >1>0, P, is in between the above plane and

the origin.

Thus O anK IKIS pos ides of P,.

I:Kd.lllr'dp'df 0’ [

Islandwide Delivery | Wha p-Only 88660034
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Qn | Suggested Solution
o) [dy 1,
@ | 2"
dly 1, _,\dy
dx’ _2( © )dx
dx ) dx
ﬂz_(l dYJﬂ LUy dy _(1 dyjdzy
dx? dx Jdx*  dx dx® dx ) dx’
(b) 4 3 2
ay__ (1 2ddey+2(ﬂj
dx dx ) dx’ dx
When x=0, y=0 (given)
dy_ 1 &y 1 &y dy
dx 27 d&x* 45 & T dx* 8
12 T
1y, & _3
y= 2x+2!x +0 4!x +...
=-1 e Ly
8 192
(i) %:%e’y 1
1 dy
le ~1dx

%
y=In(z—Ae™)

When X_Ob ﬁoaper

1
Iie‘y—l dyzjldx

2

Ile s dy=x+C
5—6

—In|i-¢’|=x+C

_e +e—x+c Ae—x

ln(— - A&n)ﬁlde Delivery | Whatsapp O nlyI BBEE0031
A—_E

=In(t+1le™)
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10

Alternative (for integration)

1
Ildv_ldy:x+c

_la Yy lay
Ilﬁ#dy:x-pc
le? -1
_laY
I—I—Ef—ye)dy:x+c
ze -1

-y-In|{e”’ -1|=x+C

Ine”’ —-In|fe” -1|=x+C

In ‘=X+C
1

=x+C

In
1

—In|i-e¢’|=x+C

(i) | [f(xX)—g(x)]<0.05
y=f(x)-g)|
\ / y=0.05
From GC, {xe R:0<x<2.43}
Qn | Suggested Solution
10(i)

J.\/% dx=[x\/2x—l}—J-\/2x—1 dx

3
=X 2x—1—%(@x—b2}+c
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J‘ X J-ZX l+1
V2x-1 V2X -
1 \/7 1 1
=—|V2X—-1 dX+— | —— dXx
Zj ZI\/ZX—I
3 1
_1)2 _1\2
:%(2; ) +%(2i< D* .
=(2 2
0 % 0
1 2 =
=—(2x-1)2 +=-(2x-1)2+C
6( ) 2( )
(if) X =tan 't, %z%, sin X =
dt 1+t 12 41
1 >
‘f 5 —— dx " +1
4cos” X+9sin” X {
1 X
=f—.2dx
4 +5sin” X |
=J 1t2 '11t2 «
445 *
t* +1
=I4+9t2
:_Icf+ﬁ
=lt ‘13t+C_l _13tanX+C
6 2 6 2

apcore
n_ n n
[ORERRES)
— |+ =]+t
n n n
+3(lj+3(gj+ +3(n—_1ﬂ
n n n
:l[iz(lz+22+...+(n—1)2)+i(1+2+...+(n—1))}
nin n

1 (n))

_(n- 1)(2n-41+9},)' )
6N’ 6n’

1
n

1
A—>_[Ox2+3x dx as n — o

in particular,
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12

o121
(n—-1)(1In=1) 11n*=12n+1 PUPCES B
2 = 2 = -
6n 6n 6 6

OQn

Suggested Solution

11(i)

R, =[75,1200], D, =[0,1000(¢~1)]

Since R; < D,, the composite function gf exist.

(i)

O CE >
[208, 416] [0.834, 0.920]

The range of values for the happiness index is [0.834, 0.920]

(iii)

Since f'is an increasing function and g is a decreasing function,
the composite function gf will be a decreasing function.

e.g.
forb>a

fis an increasing function = f(b)>f(a)
g is a decreasing function = gf(b)<gf(a)

Alternative
Differentiate and deduce negative gradient

@iv)

[258.68,
704.53]

[8.8859,
12.961]

The number of foreign workers allowed in the country can be
from 88859 to 129610.

[391, 400]

4" -
% 2

Take note tﬁé-’tﬁffi(?(‘) isa] ﬁadrau{’c pression, thus the range of
GDP will be“391 biltion t6°400 billion dollars.
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13

Qn | Suggested Solution

12(i) | Amount of U in time t

=4O—LW=40—2W
2+1 3

Amount of V in time t

:50—lw
3

d_W:k1 (40—%W](50—%W), k, eR" as amt. of w T

dt
2 1
=k, (—Ej(w—m)(—gj(w—ISO)

= k(w—60)(w—150), k =§k1

W AW w60y w—150)
dt

1 aw_
(W—60)(W—150) dt

1 aw_,
w? —210w+9000 dt

1 dw
(W—105) —45% dt

Integrating w.r.t. t:
L |w-105)-45]
2(45)  |(W—105)+45|

w—-150
‘ — e‘)O(Ie()okt

t+C, k an arbitrary constant

w—60
w-150

= Ae”™, where A= +¢”°¢
w—60

When t=0, w=0:
—150_A

60

43 KIASU=:

ExamPaper J
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When t =5, w=10:
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14

10_150 _zeg()k(s)

10-60 2
1 28
= —INnN—
450 25

t

_W=150 _ 5 [{ngh s (28)5

Tw-60 2 2( 25
When t =20,

20
W=130_ 502815 _ 3 93379
w-60 2125

W(3.93379—1) = 60(3.93379) - 150
W=29.3229=2932 (2dp.)

w—60 2\25
As t >0, RHS > o
i.e.w—60—->0

SW— 60

t
@1 w150 s (28)5

Method 2: (remove from solution)
Use graph of dw/dt vs w and deduce equilibrium (or

equivalent deductions)

KIASU=;
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2019 Year 6 H2 Math Prelim P2 Mark Scheme

Qn | Suggested Solution

l(i) Sn - Sn—l

=an’+bn+c—(a(n-1)> +b(n-1)+c)
=2an-a+b

Total number of additional cards need is 2an—a+b

(i) | Additional cards to form 2™ level from 1% level =5

4da-a+b=5=3a+b=5 --(1)
Additional cards to form 3™ level from 2" level =8
6a—a+b=8=5a+b=8 ---(2)
. 3 1
Solving both (1) and (2), a==,b=—.
2 2
Using S, :2:%(1)2 +%(1)+c =2=c=0.

Alternative

Substituting different values of n,
n=1: a+b+c=2
n=2:4a+2b+c=7
n=3:9a+3b+c=15

From GC, a=1.5,b=05andc=0

Alternative

n =1, number of cards = 2

n =2, number of cards =2 + 5
n=3, numberofcards=2+5+8

S, [2(2)+(n D3)]= (3n+1)_15n +0.5n
:l.5, b—0.5andC—0

i) | u =3n-1
u, —u,, =(3n-1)—(3(n-1)—1) =3 (constant)

Thus Sn is a sum of AP with common difference 3.
I A (" f I-__<=sO

REDRNS) Sirb 5664

N=! |siandwide Delivery | Whatsapp Only 88660031
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Qn | Suggested Solution

2 |3 -2xy+5y’ =14 (1)
(@
Differentiate (1) implicitly wrt X:

6x—2xﬂ—2y+10yﬂ= 0
dx dx

(2x—10y)ﬂ =6X-2y
dx

dy 3x-y

h
X x_5y (shown)

(i) | Xx=-5y=0 = y=0.2x

Sub y =0.2x into (1):
3x* —2x%(0.2X) +5(0.2x)* =14
2.8x* =14

x =15

(iii) | When y=1, 3x*-2x-9=0
Therefore, x=-1.4305 or x=2.0972

dy _ dy dx
dt_(dx)(dt)
3x—1. dx
_7_(x—5)(E)
dx _7(5-%)

dt 3x—1

When x=2.0972, % =3.84 units per second (3 s.f.)

Qn | Suggested Solution

3() | LHS
A
B (ZLJ (a éa@lﬁ:}é{ ?

Islandwide Delivery | Whatsapp Only 88660031

=0 a+bz, +az,’ =0

1 . )
Thus z =— 1is a solution.
ZO

Since a and b are real constants,
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z,z, =1
|Zo |2=1
Since |z, [>0, |z, |=1

Alternative for first part:
Let second root be z,

a
product of roots 7,z =—=1
a

oL =—
1
2,

(i) | Let z, =x, +1y,

. 1 1
Since Im(z,)=—, y, =—.
(0) 2 yO 2
From part (i), ZO|:1
VX Y, =1
1 2
x02+(5j =1
2
zo=—3+il or —£+il
2 2 2 2
(iii) NS

SinceRe(z,) >0, z, = 7+15.

Subst into az,” +bz, +a=0,
2
a £+il +b £+il +a=0
2 2 2 2
a l+i£ +b £+il +a=0
2 2 2 2
£§a+§b +i(lb+£a]:0

2

.'.b:—\/gal_ I nS '-‘-%/

EXamraper >

r
e Detivery T
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Qn | Suggested Solution

40 | w= \/E(cosﬁnjtisin%n)
=1+1
7= ﬁ(cos%nﬂsin%n)
V6 2.
i

2 2

{73
WH+z=|1-——|[+|1+— |1
2 2

(i)
Alm
R(1-%,1+2)

P(-£,%) QL. 1)

OPRQ is a rhombus

(iii) | Note that OR bisects the angle POQ since OPRQ is a
rhombus.

Thus arg(w+2) =%(%n+%n) —Lg
1+§
51

5

2442
J6-2

-2

sa=2,b=

tan(;—in) =

Qn | Suggested Solution

5(i) | Graphs intersect at:
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-b x-b

x-a b
b(x—b)=(x-b)(x—a)
(x=b)(x—a-b)=0
x=b or x=a+b

yl

(i) | . x<a or b<x<a+b

(iii) | From GC, point of intersection at (5,

V=nj3 X,> — x dy
0

=
2 ) 3 2
:nf3(3y+3)2—(y—_) dy
0 y—1
~5.742 3 d.p.)

Qn | Suggested Solution

6 | For distinct gifts, 5° ways

Now considering the distinct gifts,
Case 1: 3 person get 1 gift

No of ways = °C, x5° =156250
Case 2: 1 person get 1 glft another person gets 2 gifts

E&é@_ 312500

...\:C] X 5pe 8125

Total number of ways
=156250+312500+ 78125 =546875

Alternative
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Stage 1: Distribute 6 distinct gifts among 5 people
No of ways = 5°

Stage 2: Distribute 3 identical gifts among 5 people
Case 1: 3 person get 1 gift
No of ways = °C, = 10
Case 2: 1 person get 1 gift, another person gets 2 gifts
No of ways = °C, (2) =20
Case 3: 1 person get 3 gifts
No of ways = °C,=5

Total number of ways = (10+20+5)5° = 546875

KIASU=;

ExamPaper J
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Qn | Suggested Solution (updated 26 Sep)

7(i) , . 80-n(LNM

_80—(35-k) 45+k
80 80

ALT
P(L'UM')=P(L)+P(M")=P(L'"M ")
10+k 35
+__
80 80
_45+K
80

(i)
PGALY) K

PCIL = "o

W 1 Given P(LA M):%
20+(15-k) 35—k

From table: P(LNM) = =
80 80

Solving: k =3

P(LyP(M) =L B> 603 2
80 80 1280 5
Since P(LAM) % P(L)P(M),

L and M are NOT independent
ALT

p(L):M:ﬁ

80 80
p(|_||\/|):ﬂ:£¢ﬂ
45 45 80

Since P(L)#P(L|M),
L and M are NOT independent

(iv) | Since P(GN(LNAM))=0

oo KIASU=¢F

~.k=15 FExamPaper .,//

Islandwide Delivery | Wh:\t app Only 88660031
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Qn | Suggested Solution

® | (seconds)

A
115 =

55 a
} X (week number)
1 7

(ii) | A linear model would predict her timing to decrease at a
constant rate and eventually negative, which is not possible
as there is a limit to how fast a person can swim.

A quadratic model would predict that her timings would
have a minimum and then increase at an increasing rate,
which is also not appropriate.

(iii) | Based on the scatter diagram and the model, as X increases
t decreases at a decreasing rate, therefore b is positive.

a has to be positive as it represents the best possible timing
that Sharron can swim in the long run.

(iv) | From GC,

r=0.991
b=67.69
a=49.50

) Let m be the best timing Sharron has at the 8 month.

(l] =0.33973
X

1 -
We know that [—,t] is on the regression line
X

X
t = 48.28+69.45 (0.33973) =71.874
5224+ m

t =48.28+69.45 (1] .

=71.874

m=>52. 99%4:‘-”'

Sharron best .t"mmg 13'53 secoé at the 8th month
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Qn | Suggested Solution

9 | An unbiased estimate for the population variance :
(@) §’ = L(42) = 16n minutes?
n-1 n-1

(b) | Let u be the population mean time taken for a 17-year-old
(i) | student to complete a 5 km run.

To test at 10 % significance level,

H,:x=30.0 min

H,:x#30.0 min

For n = 40, _16(40) _ 640
39 39

Test Statistic:

B 64 /
Under H, , T~N 30.O,T39 approximately by
Central Limit Theorem since n is large

p-value =2P(f < 28.9) =0.0859<0.10, we reject H, and

conclude that there is sufficient evidence at the 10 %
significance level that the population mean time taken has
changed.

(ii) | The p-value is the probability of obtaining a sample mean
at least as extreme as the given sample, assuming that the
population mean time taken has not changed from 30.0
min.

OR

The p-value is the smallest significance level to conclude
that the population mean time has changed from 30.0 min.

(iii) | Since the sample size of 40 is large, by Central Limit

Theorem, T follows a normal distribution approximately.
Thus no assumptions are needed.

(¢) | New population mean timing = 0.95x30 =28.5 min
()

To test at 5 % significance level,

o SASU =70

(ii) | Assumptionn:nis-large forGentraldsimit Theorem to apply.

Test Statistic:
2

J approximately by Central

Under H,, T ~ N[ZS.S, 4.0
n

Limit Theorem
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10

For H, to be rejected, we need

T>289 <0.01

( 28.9— 285J<001
[z ]<001

>2.3263
n 2 542.2

o
I\/

)
IV

Jn-1

Thus required set = {n e Z:n> 543}

KIASU=;
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11

Qn | Suggested Solution

10 52470
() By symmetry, u= 2

P(Y <5.2)=P(Y >7.0)=0.379

=6.1

P(Z < 5'2_6'1j =0.379 :ﬁ =-0.308108
O O

o =2.92105=2.92 (3sf)

(i) | X ~N(123,9.9)

P(| X -12.3|<a)=0.5
P(123-a< X <123+a)=0.5

From GC,
12.3-a=10.1777

a=2.1223=2.12 (3sf)

Alternative
P(| X -123|<a)=0.5

a
P(Z|< =0.5
(2] @)

a a
P(Z<———)=025= ———— =-0.674489
( V9.9 J9.9
a=2.12 (3sf)

@iii) | P(X >10=0.76761

Let W =number of e-scooters that exceed speed limit, out
of 49

W ~B(49,P(X >10)) i.e. W ~B(49,0.76761)
Probability required

=P(W =34)x0.76761

=0.61022x0.76761
=0.046840 = 0.0468 (3sf)

(iv) | Want:
P X1+...+X6>2(Y1+...+Y15j
6 15
=P(X -2Y >0)

X —2Y ~ %Ug /@.9210520
amPaper

1 e. X 2Y I.slar djei .ferBI blzsajg nly BB660031

S P(X =2Y >0)=0.520 (3sf)
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12

\))

Let T = Total speed of n e-scooters
T~ N(12.3,%)
n
10— 12.3)
X
n

=P(Z > —0.73098x/ﬁ) =1 (since n is large)

P(T >10)=P(Z >

Alternative

As n gets larger, X —> £ =12.3>10
Thus mean speed of these N e-scooters >10 with
probability 1

KIASU=;

ExamPaper Y
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Qn | Suggested Solution

11 | Method 1: direct computation
(a)(i) | P(2< X <k)

=P(X =2)+P(X =3)+P(X =4)+...+P(X =k)
=AO+ OO+ O+ D+t DTG
=D+ @+ .+ (D]
_ o A=
(J{ =) }
=)~
Method 2: complement method
P(2< X <k)
=1-P(X =1)- P(X >k)

first k are not 6's

1=

=56

S 8 4

PE=9 |+ |®-6 @'

(ii) | From GC,
k k
wi =S (2] |-L4(2)
6 6 \6 3 6
k
E(Proﬁt)zﬁ—4(§j -3>0
3 6
k
E—4(5) -3>0
3 6
5y 5
J— <_
6 12
k >4.802

Least Valuel‘il] A S U

()@ | Y ~B@®0, AxamPaper &
80+ 80 p =140 ?5& live rlj)unatsapp Only 88660031

1+p=6p-6p°
6p*—5p+1=0

P :% or p =% (rejected as coin is not fair)

DHS 201 9www dipsukxamBaperemScheme
244




14

(ii) | Let W be the number of heads obtained in the last 75
tosses

W ~B(75, 1)
Required probability
=P(W > 25)
=1-P(W <24)
=0.543

Alternative
Use conditional probability

(ii1) Y ~ N(%,%) approximately by central limit theorem

since the sample size of 50 is large

P(Y <25)=0.00259 (3s.f)

KIASU=;

ExamPaper J
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